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Abstract

We develop an efficient Monte Carlo method for the valuation of a financial contract with
payoff dependent on discretely realized variance. We assume a general model in which asset
returns are random shocks modulated by a stochastic volatility process. Realized variance is the
sum of squared daily returns, depending on the sequence of shocks to the asset and the realized
path of the volatility process. The price of interest is the expected payoff, represented as a high
dimensional integral over the fundamental sources of randomness. We compute it through the
combination of deterministic integration over a two dimensional manifold defined by the sum of
squared shocks to the asset and the path average of the modulating variance process, followed
by exact conditional Monte Carlo sampling. The deterministic integration variables capture
most of the variability in realized variance therefore the residual variance in our estimator is
much smaller than that in standard Monte Carlo. We derive theoretical results that quantify the
variance reduction achieved by the method. We test it for the Hull-White, Heston, and Double
Exponential models and show that the algorithm performs significantly better than standard
Monte Carlo for realistic computational budgets.

1 Introduction

We develop in this paper an efficient Monte Carlo method for the valuation of derivative contracts

on realized variance. We are motivated by recent strong growth in the market for these of

financial contracts. A variance derivative has a stochastic payoff that depends on the variance

realized by an underlying asset over a certain time interval. Following market practice, we focus

on discretely realized variance, defined as the sum of squared daily returns over N consecutive

days. In absence of arbitrage the contract price equals the expected discounted payoff, which in

∗We thank Jose Blanchet and attendees at ALIO INFORMS 2010 and SIAM FM 2010 for valuable comments.
All remaining errors are ours.
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turn is a function of a sequence of random daily returns. This dependence on a large number

of random variables implies that the expectation of interest is a high dimensional integral.

Computing the expectation by a standard Monte Carlo simulation of all the shocks driving

the payoff leads to a price estimator with potentially large variance. Alternatively, computing the

expectation through deterministic integration is unfeasible due to the high dimensionality of the

problem. We develop a numerical algorithm that combines deterministic numerical integration

over a low dimensional manifold with repeated Monte Carlo simulation conditional on the values

of the deterministically integrated variables. This approach generates an essentially unbiased

price estimator with significantly lower variance than a straightforward Monte Carlo simulation

for the same computational budget.

We assume in this paper that two independent Gaussian random vectors, Z and W , each of

dimension N , are the sources of randomness behind a sample of realized variance. Actual returns

are proportional to the components of Z multiplied by a the square root of a modulating variance

process V . We assume that V is autonomous in the sense that its evolution in time depends on

its own history, but it is also sensitive to newly arrived shocks in Z and W , therefore introducing

correlation between the increments of the variance process and returns of the underlying asset.

We consider models in discrete time because we show, through an example, that the time

discreteness of realized variance is important in the valuation of relatively short dated contracts.

The class of models we consider includes, as special cases, Euler discretizations (Kloeden and

Platen 1999) of popular continous-time stochastic volatility models (Hull and White 1987),

(Heston 1993), and (Hagan et al. 2002), models with heavy tailed conditional returns motivated

by (Kou and Wang 2004), and autoregressive moving average dynamics.

In our general setting realized variance generally depends on the joint realization of the

shocks to the asset price and the path of the variance process. This dual dependence typically

rules out a closed form expression for the price of an arbitrary function of realized variance.

Numerical methods are the natural tool for this problem.

We propose an algorithm that takes advantage of the fact that the value of a variance

derivative arises from the stochastic nature of realized variance. This is largely driven by the
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stochasticity in the sum of squared shocks to the asset and the stochasticity in the average

level of the variance process over the period in which discrete variance is recorded. Accordingly,

extensive computational effort is allocated to eliminating these sources of noise by deterministic

integration. Specifically, we integrate deterministically over the norm of Z and over the path

average of the modulating variance process V . Then sample Z and W conditional on each pair

of values of the integrating variables, and compute the exact realization of the contract payoff.

Finally, we average over many samples to construct our estimator.

We obtain a theoretical result that quantifies the efficiency gain in our algorithm by compar-

ing the variance of our estimator with the variance of a standard Monte Carlo estimator. We

find that the residual variance of our estimator, which is zero for constant V , can be expressed

in general in terms of the distance between the modulating variance process V and a constant.

The practical implementation of our method requires the knowledge of the distributions of

the conditioning variables, as well as a mechanism to conditionally sample Z and W . In order to

handle this issue we replace the true average of the variance process by its linear projection on

the space spanned by the components of W . A linear combination of Gaussian shocks is helpful

because its distribution is normal, and because its components remain conditionally Gaussian.

The algorithm has a deterministic error that arises from discrete numerical integration but that

is negligibly small in our implementation, and statistical error that arises from the conditional

random sampling.

We present numerical evidence of the performance of our method with realistic experiments

under the (Hull and White 1987) and (Heston 1993) models and a model with Double Expo-

nential returns motivated by (Kou and Wang 2004). We find that the variance reduction is

significant when comparing the method against standard Monte Carlo for the same computa-

tional budget. We also find that gains are higher for models with low correlation between the

asset and the modulating variance processes.

Deterministic integration along a particular direction is equivalent, in terms of variance

reduction, to very fine stratification along the same direction (Chapter 4 in Glasserman 2004).

Our main contribution is the identification of the relevant variables for stratification in the
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pricing of variance derivatives, a quantification of the associated efficiency gains, a recipe for

a concrete numerical implementation, and numerical evidence, under realistic parameters, that

the method delivers significant gains under fixed computational budget.

The paper is structured as follows. Section 2 discusses the practical importance of contracts

on realized variance and the relationship between this paper and the existing literature. It also

shows, through an example, the importance of properly accounting for the discrete nature of

the returns. Section 3 introduces the class of discrete time models with autonomous stochastic

volatility. We assume that the models are driven by Gaussian shocks but we let actual returns

be nonlinear transformations of the shocks, therefore possibly heavy tailed. Section 4 discusses

the properties of an estimator of an expectation constructed as the combination of deterministic

integration and conditional random sampling. We apply this to our problem in Section 5 by

presenting and justifying our choice of conditioning variables tailored to decrease the noise of

the estimator of realized variance. The detailed implementation of the algorithm is discussed in

Section 6, and tested in realistic examples in Section 7. Our conclusions and plans for future

research are in Section 8.

2 Motivation and Related Work

The market for financial contracts on realized variance has grown strongly in recent years. Its

most popular contract is the variance swap, in which two parties agree to exchange a future

payment proportional to realized variance against a fixed payment agreed upon today. The fair

price of future realized variance for the SP500 index is the well known VIX index. Due to its

high liquidity and ease of interpretation this index has become a widely followed indicator of

uncertainty in the market in the aftermath of the financial crisis of 2008 (Whaley 2000), (Carr

and Lee 2009), and (Carr and Wu 2009). After the development of the variance swap, which

has a linear payoff in realized variance, the market has begun to trade more complex contracts.

Generically, a contract on realized variance delivers a stochastic cashflow at T that is a function

of the empirical variance ω, realized between 0 and T . In the absence of arbitrage, the price at

inception can be represented as
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C = B(0, T )E[G(ω)] (1)

where G : R → R is a payoff function, the expectation is taken with respect to a risk-neutral

probability measure, and B(0, T ) is a discount factor.

For example, the valuation of a variance swap corresponds to a linear G in (1), a volatility

swap is associated to a square root function G and a European call option takes G(ω) =

max{ω − k, 0}. The initial length of most traded contracts on realized variance is of several

months.

In order to position our contribution relative to existing work on variance derivatives and

Monte Carlo, we briefly comment on the literature in the field. Much work has been done in

recent years on variance and volatility derivatives. As discussed in the review (Carr and Lee

2009), most of the literature assumes that the realized variance in (1) is recorded continuously

in time. Notable exceptions are (Broadie and Jain 2008), (Windcliff et al. 2006) and (Carr et al.

2010). Moreover, if the asset price dynamics is assumed to have continuous paths, then realized

variance depends only on the path of the instantaneous volatility process and is independent

of individual shocks to the asset. Yet, in practice, realized variance is defined as the sum of

squared asset returns realized discretely in time. In this paper we focus on applications in which

the difference between continuously and discretely realized variance is potentially large. In our

setting realized variance jointly depends on the path taken by the volatility process and by the

shocks to the asset price.

The approach in (Carr et al. 2010) values variance swaps under a general time changed

Levy process. This is a nonparametric approach, which is desirable from a practitioner’s point

of view, as it eliminates model risk, but is restricted to a specific payoff. In comparison, our

numerical method can be used for an arbitrary European payoff on discretely realized variance,

but it requires the specification of a particular stochastic volatility model from a conveniently

wide class of models. In summary, a Monte Carlo implementation has the following desirable

features.

• Discrete time simulation of the asset and a correlated variance processes can be handled
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naturally by Monte Carlo.

• Monte Carlo implementations can easily handle non-Gaussian conditional returns or mov-

ing average (ARMA) dynamics.

• Analytical methods tend to be specific to the form of the payoff of the contract. Monte

Carlo is very flexible in this regard.

We consider a Monte Carlo algorithm a complement to analytical techniques, recognizing

that both approaches have advantages and disadvantages, and that in practice any pricing

problem is likely to be solved in several different ways.

Some continuous time stochastic volatility models, including the (Heston 1993) model, can be

simulated exactly (Broadie and Kaya 2006) and (Glasserman and Kim 2010). Exact simulation

of discrete returns of the asset price can be used to compute discretely realized variance. These

methods, however, are restricted to specific models, and their discretization rules are not driven

by Gaussian shocks.

The emphasis in (Broadie and Kaya 2006) and (Glasserman and Kim 2010) is in finding a

discrete simulation rule that preserves the exact law of the continuous time model. We explore

a different question. We start from an already discrete model driven by Gaussian shocks, and

develop an algorithm that generates essentially exact samples for the discrete model leading

to an estimator with less variance than a standard Monte Carlo implementation. A special

case is the Euler scheme for a model driven by Brownian motion. Its convergence properties

are discussed in (Kloeden and Platen 1999). However, we are not concerned here with the

convergence of an Euler scheme to a continuous time model. Our approach is that of a market

participant that is aware that the Euler scheme differs in its law from the continuous time

dynamics, yet consistently uses the same Euler discretization for pricing complex contracts and

in the calibration to vanilla options. This user is effectively replacing the continuous time

model by its discrete counterpart, which is a common practice in the financial industry. In this

setting, we aim to develop a method that efficiently prices the uncertainty that arises from the

contractual discreteness of realized variance.
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We achieve variance reduction in the estimation of a high dimensional integral by combining

deterministic integration along a low dimensional manifold with conditional Monte Carlo. The

literature shows some examples of the combination of Monte Carlo and numerical integration.

For example, in (Hull and White (1987)), pricing under a stochastic volatility model is imple-

mented by simulation of the variance process and closed form pricing conditional on the path

of realized volatility. This technique is called Conditional Monte Carlo and discussed in the re-

view (Boyle et al. 1997). Our approach is different in the sense that we first perform numerical

integration, and then run Monte Carlo simulation.

Related work on variance reduction for stochastic volatility models includes (Ben Ameur

et al. 1999), but this is not tailored to discrete variance contracts. Variance reduction through

optimal stratification for path dependent derivatives in models driven by Gaussian shocks is

studied in (Glasserman et al. 1999) but with no emphasis on variance dependent payoffs. Radial

stratification, similar to the deterministic integration over the norm of a vector of Gaussian

shocks that we propose, is used in (Glasserman et al. 2000) in a Value-at-Risk application for

portfolios of options.

2.1 Discrete vs. Continuous Variance

Variance related contracts are written, in practice, in terms of discretely realized variance with

daily frequency. Continuously realized variance is popular in the academic literature as an

approximation for discretely realized variance but this is a problematic assumption in some cases.

A simple example shows the difference between discrete and continuous variance. Consider a

continuous time lognormal model

dSt

St
=

√
V0dZt (2)

with Zt a Brownian motion and constant variance parameter V0 = 0.09, which corresponds

to 30% instantaneous volatility for the asset price S. This is a realistic level for V0 and it is

typically chosen to match the prices of simple options such as calls and puts on ST . We assume

252 trading days per year. In this model, the continuously realized variance over N days is
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1
252

∫ N

0
V0dt = V0N/252 a.s. Therefore, there is no uncertainty associated with continuously

realized variance.

Discrete realized variance for the same model is the sum of a finite number of independent

squared Gaussian variables, therefore distributed as a χ2 random variable with N degrees of

freedom. Its mean is V0N/252, equal to the continuously realized variance, and its standard

deviation is V0

√
2N/252. For relatively small N , for example N = 20 days, this implies a mean

equal to 0.0071 and a standard deviation equal to 0.0023.

Because the expected value of discrete realized variance equals the value of continuous re-

alized variance, a linear payoff in realized variance has the same price under both discrete and

continuous settings, consistent with (Broadie and Jain 2008) for more general models. However,

for volatility swaps and variance options, which have payoffs that are non-linear in realized

variance, the values do not agree. For example, consider an at-the-money option on realized

variance, with N = 20 and V0 = 0.09. The strike, for either discrete or realized variance, is

0.0071. The standard deviation of continuous realized variance is zero, therefore the price of an

option on continuous variance is zero as well. Yet the standard deviation of discrete realized

variance is 0.0023, or approximately 30% of the value of the mean. This is a very valuable

option. Because variance derivatives are in practice written in terms of discrete variance this

simple example shows that assuming continuous variance might severely affect the quality of

pricing for contracts relatively close to expiration.

3 Models

3.1 Models driven by Gaussian shocks

In this paper we focus on discrete-time models driven by Gaussian shocks, with autonomous

stochastic volatility. We assume that the evolution happens on a discrete time grid that coincides

with the daily grid on which changes in the asset price are recorded for the computation of

variance. The underlying asset price S follows
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Si+1 = Si + Sir∆ + σ(Si)
√

Vi

√
∆h(Zi+1)

Vi+1 = f(Vη≤i) + γ(Vi)
√

∆[ρh(Zi+1) +
√

1− ρ2Wi+1] (3)

under the risk neutral measure, with i = 0, 1, ..., N − 1. Z1, ..., ZN and W1, ..., WN are the

independent standard normal components of vectors {Z,W} and ∆ is the length of the time

interval between consecutive observations. The history of V is Vη≤i ≡ {V0, V1, ..., Vi}. The

deterministic function h is chosen to satisfy

Assumption 3.1 We assume that

• E[h(Zi)] = 0

• Var[h(Zi)] = 1

• E[h(Zi)4] = κ.

Conditionally Gaussian returns are generated with h(z) = z. In this case κ, which measures

kurtosis, is equal to 3. Other choices of h distort the Gaussian shocks to generate Non-Gaussian

returns in the process S, for example with heavy tails. For any choice of h it holds that

• E[ρh(Zi+1) +
√

1− ρ2Wi+1] = 0

• Var[ρh(Zi+1) +
√

1− ρ2Wi+1] = 1

• ρ = Corr {h(Zi+1), ρh(Zi+1) +
√

1− ρ2Wi+1}.

The class of models defined by (3) is very wide. It includes Euler discretizations of many

popular continuous time models driven by Brownian motion. It can also be taken as the starting

point, without any reference to an underlying continuous model, to represent discrete models

with Gaussian returns, heavy tailed conditional returns, or with auto regressive moving average

features by taking f(Vη≤i) =
∑k

j=0 ajVi−j . Some specific examples are discussed below.

3.2 Discretization of continuous time models driven by Brownian mo-
tion

Let zt and wt be independent Brownian Motions, and consider an underlying S following
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dSt = Strdt + σ(St)
√

Vtdzt

dVt = β(Vt)dt + γ(Vt)[ρdzt +
√

1− ρ2dwt] (4)

under suitable technical conditions for σ, β and γ. This is a general stochastic volatility model

in continuous time with autonomous stochastic volatility. Some special cases of (4) include the

model in (Hull and White 1987),

dSt = Strdt + St

√
Vtdzt

dVt = µVtdt + σVt[ρdzt +
√

1− ρ2dwt], (5)

the model in (Heston 1993)

dSt = Strdt + St

√
Vtdzt

dVt = κ(θ − Vt)dt + σ
√

Vt[ρdzt +
√

1− ρ2dwt], (6)

and the SABR model (Hagan et al. 2002), which is usually expressed in terms of the dynamics

of the underlying S and its instantaneous stochastic volatility σ

dSt = Str + Sb
t σtdzt

dσt = ασt[ρdzt +
√

1− ρ2dwt]. (7)

The SABR model can be cast in the form of (4) by introducing Vt ≡ σ2
t and applying Ito’s

Lemma.

The Euler scheme is the simplest discretization rule. It is implemented over a deterministic

time grid t0 < t1 < ... < tN , with ti+1 − ti = ∆ and leads to an approximate solution Ŝ, V̂

defined computed recursively over the time grid
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Ŝi+1 = Ŝi + Ŝir∆ + σ(Ŝi)
√

Vi

√
∆Zi+1

V̂i+1 = V̂i + β(V̂i)∆ + γ(V̂i)
√

∆[ρZi+1 +
√

1− ρ2Wi+1], (8)

with Z1, ..., ZN and W1, ..., WN the independent standard normal components of vectors {Z,W}.

In particular, the one-step conditional return is Gaussian. The discrete time dynamics in (8) is

a special case of (3) with linear h.

3.3 Models with non-Gaussian returns

We also consider discrete time models with Non-Gaussian conditional returns of S through non-

linear transformations of Gaussian shocks. Let F be the desired distribution for the conditional

return of S and N(z) the standard normal distribution. Take h in (3) to be

h(z) = F−1(N(z)).

This implies that h−1(z) = N−1(F (z)). Let Z be a standard normal random variable. It is

clear that the probability of the event {h(Z) < a} is

P (h(Z) < a) = P (Z < h−1(a)) = P (Z < N−1(F (a))) = F (a). (9)

Therefore h(Z) ∼ F . Moreover, (9) suggests a practical sampling methodology. For given F , in

order to sample X ∼ F , first sample Z ∼ N(0, 1) and then let X = F−1(N(Z)). An example of

this sampling mechanism motivated by the Double Exponential model in (Kou and Wang 2004)

is shown next. We postulate that one-step conditional returns are proportional to samples from

a Laplace distribution

F (x) =
1
2
e
√

2x if x ≤ 0

F (x) = 1− 1
2
e−
√

2x if x > 0
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with inverse

F−1(u) =
1√
2
ln(2u) for u ≤ 1/2

F−1(u) =
−1√

2
ln(2(1− u)) for u > 1/2. (10)

We generate a discrete time model with Double Exponential returns and general stochastic

volatility with (3) by taking h(z) = F−1(N(z)) for F−1 from (10).

3.4 Realized variance

Our goal is to design an efficient numerical algorithm for the computation of the expectation of

a function of discretely recorded variance. This is defined as

ω ≡
N−1∑

i=0

(
Si+1 − Si

Si
)2, (11)

where Si evolves as in (3). Under this class of models (11) can be expressed as a deterministic

function, RV , of the stochastic shocks {Z, W}:

RV (Z, W ) ≡
N−1∑

i=0

(r∆ +
σ(Si)

Si

√
Vi

√
∆h(Zi+1))2

=
N−1∑

i=0

{r2∆2 + 2
σ(Si)

Si

√
Vir∆3/2h(Zi+1) + (

σ(Si)
Si

)2Vi∆h(Zi+1)2}, (12)

where Vi is some function of {Z, W} specified by the choice of model and that we do not need

to write explicitly. The price we want to compute is

C = B(0, T )E[G(RV (Z, W ))] (13)

The method that we will present later in this paper involves no approximations. But we

will supplement the algorithm with some theoretical results that approximately quantify the

variance reduction achieved by the method. To derive these results it will be useful to consider

an approximation to RV that is based on the relative weights of the terms in (12).

For realistic parameters (r = 0.05, σ(Si)
Si

√
Vi = 0.3, ∆ = 1/252), the terms in (12) are of

orders 10−8, 10−6, and 10−3. Therefore discrete realized variance is essentially
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R̂V (Z, W ) ≡
N−1∑

i=0

(
σ(Si)

Si
)2Vi∆h(Zi+1)2. (14)

We stress, however, that the algorithm in this paper computes realized variance through the

exact expression (12), therefore involves no approximation.

4 Combining Deterministic Integration with Random Sam-
pling

In this section we introduce an algorithm to compute (13) that combines deterministic integra-

tion and Monte Carlo simulation. For proper context, we begin by considering the implemen-

tation of a simple Monte Carlo estimator for the expectation of a function of realized variance.

This is straightforward (we omit the trivial discount factor): first generate M independent paths,

each formed by an independent realization of the vectors Z and W , and then form an estimator

as

Ĉ =
1
M

M∑

j=1

g(RV (Zj ,W j)). (15)

The fact that the estimator Ĉ is unbiased, in the sense that E[Ĉ] = E[g(RV (Z,W ))], and its

variance is

Var[Ĉ] =
Var[g(RV (Z,W ))]

M
, (16)

are standard properties of Monte Carlo under exact sampling.

An alternative way of computing (13) is as a deterministic integral over the 2N -dimensional

space spanned by the Gaussian vectors Z and W . The joint distribution of independent Z and

W is known in closed form, then we write

C =
∫

z1,...,zN ,w1,...,wN

g(RV (z, w))
N∏

j=1

n(zj)n(wj)dzjdwj (17)

with n(u) the univariate standard normal density. The result of (17) is the exact price, but (17)

is an integral over a high dimensional space. Except for a very restrictive class of payoffs and
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models, (17) can not be solved analytically. And its numerical solution as a deterministic integral

suffers from the curse of dimensionality, becoming prohibitely expensive beyond dimension 3 or

4.

The method we develop in this paper lies essentially between (15) and (17) in the sense that

numerical integration is performed over a few dimensions that substantially reduce the noise of

the price estimator, and Monte Carlo samples are generated conditional on the deterministically

integrated variables. Deterministic integration reduces estimator noise, while random sampling

preserves the tractability of the computation.

Let π a vector-valued random variables with components π1, ...πp defined by the action of

deterministic functions of R2N → R on the Gaussian vectors {Z,W}. We propose to combine

deterministic integration over the values of the components of π with Monte Carlo sampling

conditional on π. The corresponding estimator is

Ĉ =
∫

1
M(u)

M(u)∑

j=1

g(RV (Zj ,W j))η(u)du, (18)

where η is the probability density associated to π and the vectors {Zj ,W j} are sampled condi-

tional on π = u and independently over j. The estimator (18) is unbiased. By the independence

of samples the variance of Ĉ is

Var[Ĉ] =
∫

Var[
1

M(u)

M(u)∑

j=1

g(RV (Zj ,W j))η(u)|π = u]du, (19)

and then

Var[Ĉ] =
∫

η(u)2

M(u)
Var[g(RV (Zj , W j))|π = u]du. (20)

As shown in (Glasserman 2004), it is convenient to make a proportional allocation of paths by

taking M(u) = Mη(u), (which can be done because we assume that η(u) is known). Then (20)

becomes

Var[Ĉ] =
E[Var[g(RV (Z, W ))|π]]

M
(21)
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for the variance of the estimator based on the combination of deterministic integration and

conditional Monte Carlo.

It is informative to compare (21) with the variance of standard Monte Carlo estimator (16).

By the variance decomposition formula it always holds that

Var[g(RV (Z, W ))] = Var[E[g(RV (Z, W ))|π]] + E[Var[g(RV (Z,W ))|π]]. (22)

The left side of (22) is independent of π and equal to M times (16). The two terms on the

right are nonnegative and the second term coincides with M times (21). Therefore, for a total

number of paths M , our Monte Carlo method with proportional allocation can never increase

variance relative to the unconditional case, regardless of the specific choice of π. However, in

practice we want to decrease the variance of an estimator subject to a finite computational

budget. Therefore, conditioning on a bad choice of π might not be useful if the increase in

computational time associated to the deterministic integration is larger than the speed gain

associated to the decrease in the variance of the estimator.

These observations indicate that a successful implementation of (18) should attempt to

identify π1, ..., πp such that:

• The relevant densities associated to π are known analytically, allowing for deterministic

numerical integration.

• The dimension of the conditioning set, p, is small enough to permit fast numerical inte-

gration.

• A practical method to sample W and Z conditional on π is available.

• The choice of π1, ..., πp leads to small E[Var(g(RV (Z, W )))|π], to achieve significant vari-

ance reduction.

In the next section we propose a choice of conditioning variables that satisfies these condi-

tions.
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5 The Algorithm

In this section we consider a numerical algorithm based on the combination of deterministic two-

dimensional integration, performed on the norm of the shocks driving S and on the path average

of the variance process, with Monte Carlo simulation conditional on the value of the integration

variables. The motivation for this choice of integrating variables is (14), which already suggests

that realized variance is determined, to a large extent, by the squared shocks h(Zi+1)2, and the

average of the modulating volatility process V . Before describing the implementation of the

algorithm in detail we present some theoretical results that quantify its efficiency gains, relative

to standard Monte Carlo simulation.

We introduce some notation. Let ‖V ‖1 ≡ ∑N−1
i=0 Vi, ‖V ‖22 ≡ ∑N−1

i=0 V 2
i and ‖H‖22 ≡

∑N−1
i=0 h(Zi+1)2.

5.1 Monte Carlo conditional on ‖H‖2
2 and ‖V ‖1

We investigate in this section the variance reduction achieved by performing Monte Carlo con-

ditional on π = {π1, π2} = {‖H‖22, ‖V ‖1}. In order to see the reason behind this choice recall

from (21) that a good choice of conditioning variables should lead to small

E[Var[g(RV (Z,W ))|π]],

therefore, by the closeness of (12) and (14), small

E[Var[g(R̂V (Z,W ))|π]].

Consider first a special case, with linear g, linear σ(S) in (3), and Vi = V0 ∀ i < N . Then (14)

implies that

E[Var[R̂V (Z, W )]π]] = E[Var[(
N−1∑

i=0

h(Zi+1)2)(
∑N−1

i=0 Vi))
N

|π]] = E[Var[π1
π2

N
|π]] = 0.

This choice of π is successful in eliminating variance because it contains two main sources of

stochasticity in R̂V : the sum of squared shocks in the underlying, and the path average of the
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modulating variance process. Variance reduction is absolute in this case because the variance

process is assumed constant. In general, this is not the case therefore variance is reduced

partially. In this section we quantify this notion by deriving a result that lends support to the

notion that the variability of R̂V is largely explained by that of the components of π.

Motivated by (22) define residual variance as

E[Var[g(R̂V (Z, W ))|π]]
Var[g(R̂V (Z,W ))]

(23)

This is the proportion of the variance of standard Monte Carlo that survives even after per-

forming deterministic integration on some directions.

The derivation of a theoretical result quantifying variance reduction will rely on the following

assumptions, which are not actually needed in the implementation of the algorithm.

Assumption 5.1 We assume that:

• V is independent of Z.

• The function σ in (3) is linear.

• The payoff function g is linear.

Assumption (i) states that the variance process is not only autonomous but also independent

of shocks to the process S. A linear σ, as in Assumption (ii), is exactly the case in the original

versions of the (Heston 1993) and (Hull and White 1987). Assumption (iii) is made for simplicity.

LEMMA 5.1 It holds that

Var[R̂V ] = (κ− 1)E[‖V ‖22] + Var[‖V ‖1]

Proof: Var[R̂V ] = Var[
∑N−1

i=0 Vih(Zi+1)2], therefore

Var[R̂V ] =
N−1∑

i=0

Var[Vih(Zi+1)2] +
N−1∑

i,j=0,i 6=j

Covar[Vih(Zi+1)2, Vjh(Zj+1)2]. (24)
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For the variance terms in (24) we have

Var[Vih(Zi+1)2] = E[h(Zi+1)4]E[V 2
i ]− E2[h(Zi+1)2]E2[Vi]

= κE[V 2
i ]− E2[Vi]. (25)

For the covariance terms in (24), independence of V and Z implies that

Covar[Vih(Zi+1)2, Vjh(Zj+1)2] = Covar[Vi, Vj ]. (26)

From (24), (25) and (26) we obtain

Var[R̂V ] =
N−1∑

i=0

{κE[V 2
i ]− E2[Vi]}+

N−1∑

i,j=0,i6=j

Covar[Vi, Vj ]

=
N−1∑

i=0

(κ− 1)E[V 2
i ] +

N−1∑

i=0

Var[Vi] +
N−1∑

i,j=0,i 6=j

Covar[Vi, Vj ]

= (κ− 1)E[‖V ‖22] + Var[‖V ‖1]. ¤ (27)

According to Lemma 5.1, the variance of R̂V has two parts: Var[‖V ‖1] due to the variability

of the variance process, and (κ− 1)E[‖V ‖22], which is nonzero even for constant V , and which is

due to the variability of the shocks Z. Lemma 5.1 will be used next to derive, under Assumption

5.1, an exact result on the magnitude of variance reduction obtained by conditioning on ‖H‖22
and ‖V ‖1.

THEOREM 5.1 It holds that

E[R̂V |π] = ‖H‖22
‖V ‖1

N
. (28)

Therefore the residual variance after conditioning on ‖H‖22 and ‖V ‖1 is:

Residual Variance = 1− Var[‖H‖22 ‖V ‖1N ]

Var[R̂V (Z, W )]
=

(κ− 1)(E[‖V ‖22 − 1
N ‖V ‖21])

(κ− 1)E[‖V ‖22] + Var[‖V ‖1] . (29)

Proof: For (28) note that Z1, ..., ZN i.i.d. implies E[h(Zi)2|‖H‖22] = ‖H‖22
N for all i. Using

independence of Z and V together with the law of iterated expectation we get
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E(R̂V |π) = E

[
E

[ N−1∑

i=0

Vih(Zi+1)2
∣∣V, ‖H‖22

]∣∣∣∣ π

]
= E

[ N−1∑

i=0

ViE
[
h(Zi+1)2

∣∣V, ‖H‖22
]∣∣∣∣π

]

= E

[ N−1∑

i=0

Vi
‖H‖22

N

∣∣∣∣π
]

=
‖H‖22

N
E

[ N−1∑

i=0

Vi

∣∣∣∣π
]

=
‖H‖22

N
· ‖V ‖1.

For (29), the decomposition of variance (22) and the definition of residual variance (23) imply

that

Residual Variance = 1− Var[E[R̂V |π]]
Var[R̂V ]

.

By (28),

Var[E[R̂V |π]] = Var[‖V ‖1 ‖H‖
2
2

N
],

therefore Residual Variance = 1− Var[‖H‖22 ‖V ‖1
N ]

Var[R̂V (Z,W )]
, which proves the first equality in (29).

Continuing we have

Var[‖V ‖1 ‖H‖
2
2

N
] =

1
N2

[E[‖V ‖21]E[‖H‖42]− E2[‖V ‖1]E2[‖H‖22]]

=
1

N2
[(N(N − 1) + Nκ)E[‖V ‖21]−N2E2[‖V ‖1]]

= Var[‖V ‖1] +
κ− 1

N
E[‖V ‖21]]. (30)

Therefore, with (27) and the first equality in (29) we get that residual variance is

1− Var[‖V ‖1] + (κ−1)
N E[‖V ‖21]

(κ− 1)E[‖V ‖22] + Var[‖V ‖1] =
(κ− 1)(E[‖V ‖22 − 1

N ‖V ‖21])
(κ− 1)E[‖V ‖22] + Var[‖V ‖1] . ¤ (31)

In order to interpret Theorem 5.1 consider the random variable

Υ ≡
∑N−1

i=0 Vi

N

N−1∑

i=0

h(Zi+1)2 (32)

This is Υ = ‖H‖22 ‖V ‖1N . It is well known that E[R̂V ] = E[E[R̂V |π]] = E[Υ]. Theorem 5.1 states

in the first equality in (29) that the efficiency of the proposed method in reducing variance

depends on how close the second moment of Υ is to the second moment of R̂V .

The final expression after the second equality in (29), has a geometrical interpretation. The

quantity inside the expectation in the numerator is the square of the Euclidean distance of a

point V ∈ RN to the subspace L = {(x1, ..., xN ) ∈ RN : x1 = x2 = ... = xN}. Therefore the
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residual variance is zero only if the discrete time process V is a constant a.s. Moreover, by

continuity (the expression is a polynomial over the coordinates of V ), it is clear that the closer

the process is to a constant in a pathwise sense, the greater the variance reduction.

It is also useful in practice to quantify variance reduction in terms of the distributional

properties of the process V , as in the following result.

THEOREM 5.2 Fix N. Let µi and σ2
i be the mean and variance of Vi.

Let µmax = max{µ0, ..., µN−1}, µmin = min{µ0, ..., µN−1}, σmax = max{σ0, ..., σN−1}. It

holds that

Residual Variance ≤ µ2
max − µ2

min + σ2
max

µ2
max + σ2

max

. (33)

Proof: From the left side of (31) residual variance is

1− Var[‖V ‖1] + (κ−1)
N E[‖V ‖21]

(κ− 1)E[‖V ‖22] + Var[‖V ‖1] = 1 +
1+(κ−1)

N Var[‖V ‖1]− (κ−1)
N E[‖V ‖1]2

(κ− 1)E[‖V ‖22] + Var[‖V ‖1] . (34)

Let φ ≡ Var[‖V ‖1]. Residual variance is

1−
1+(κ−1)

N φ + (κ−1)
N (

∑N−1
i=0 µi)2

(κ− 1)
∑N−1

i=0 (µi + σi)2 + φ
. (35)

Assumption 3.1 and Jensen’s inequality imply that 1 ≤ κ, therefore (35) is decreasing in φ. It

is then bounded from above by its value at φ = 0 because φ is nonnegative. We have

Residual Variance ≤ 1−
(κ−1)

N (
∑N−1

i=0 µi)2

(κ− 1)
∑N−1

i=0 (µi + σi)2
= 1−

1
N (

∑N−1
i=0 µi)2∑N−1

i=0 (µi + σi)2
(36)

therefore

Residual Variance ≤ 1− µ2
min

µ2
max + σ2

max

=
µ2

max + σ2
max − µ2

min

µ2
max + σ2

max

. ¤ (37)

Residual variance in (33) is nonzero due to the fact that the process V is not a constant.

In moment terms, this is due to a trend in V , represented in (37) by µ2
max − µ2

min, and to

uncertainty in V , represented by σ2
max.
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We have shown in this section that conditioning on the norm of h(Z) and the path average

of V , under the assumption of independence of Z and V , leads to quantifiable and possibly

significant variance reduction. However, the implementation of an algorithm based on this

choice of conditioning variables requires in practice the knowledge of the distributions of the

norm of h(Z) and the path average of V , and a mechanism to sample {Z, W} conditional on

the integrating variables. A general model (3) does not satisfy these requirements. Moreover,

we do not want to restrict ourselves to models with independent Z and V . In order to address

these issues we consider an alternative set of conditioning variables.

5.2 Monte Carlo conditional on ‖H‖2
2 and optimal v′W

We propose to combine deterministic integration and Monte Carlo in an estimator of the form

(18), now taking as conditioning variables ‖H‖22 and a linear combination of shocks in W with

weights defined by v ∈ RN . The new conditioning variable, v′W , is chosen to be close to the path

average of V in a suitable sense, therefore preserving a substantial part of the efficiency gains

achieved by taking the path average of V as conditioning variable. Yet, by being a linear combi-

nation of shocks W , this new conditioning variable has a well known Gaussian distribution that

facilitates deterministic integration. Moreover, the components of W are normally distributed

even after conditioning on a linear combination of them, therefore sampling is straightforward.

In this section we allow for nonzero correlation ρ in (3), therefore the shocks Z affect the

process V . For simplicity we continue to assume that σ and g are linear functions in the

identification of an optimal v, but this assumptions will not be required in the implementation

of the method.

The aim is to find v with ‖v‖2 = 1, such that by using π2 = v′W as conditioning variable

the residual variance is minimal. Under the assumptions stated above, this is equivalent by (22)

to maximizing

Var[E[R̂V |π̂]].

Stating explicitly the dependence of V on Z and W we are looking for
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arg max
{v}

Var[E[
N−1∑

i=0

Vi(Z, W )h(Zi+1)2|‖H‖22, v′W ]]. (38)

Solving (38) is a daunting task because, in principle, each Vi arising from (3) is a nonlinear

function of Z and W . However, for relatively small N , which is indeed the setting of importance

for this paper, the behavior of the coefficients of (3) as functions of V means that, for a wide class

of models, Vi is approximately linear in the underlying shocks Z and W . Replacing Vi(Z, W )

by its linear projection on the space spanned by Z and W leads to

arg max
{v}

Var[E[
N−1∑

i=0

(V0 + bi′
z Z + bi′

wW )h(Zi+1)2|‖H‖22, v′W ]],

where bi
z ≡ ∇zVi(Z = 0, W = 0) and bi

w ≡ ∇wVi(Z = 0, W = 0). By independence of Z and W

we obtain

arg max
{v}

Var[Y (Z) + Y (Z)E[
N−1∑

i=0

bi′
wW |v′W ],

for Y a generic function of Z. Recalling that E[E[
∑N−1

i=0 bi′
wW |v′W ]] = 0, we get

arg max
{v}

E[E2[
N−1∑

i=0

bi′
wW |v′W ]]. (39)

Let b ≡ ∇w

∑N−1
i=0 Vi(Z = 0,W = 0). Then (39) is equivalent to

arg max
{v}

Var[E[b′W |v′W ]], (40)

and its solution is attained at v = b
‖b‖2 .

The characterization of optimal v as (40) is similar to the optimal stratification direction in

(Glasserman et al. 1999). This analogy led us to consider an alternative optimal v defined as

the solution of

arg max
{v}

Var[E[b′W +
1
2
(W ′Hi

fW )|v′W ]] (41)
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which keeps terms up to order two in the expansion of Vi in powers of W , f is defined by

f(W ) = ‖V ‖1 and Hi
f is the Hessian of f . The solution to (41) is characterized by the following

proposition.

PROPOSITION 5.1 Let f̂(W ) = b′W + 1
2 (W ′AW ), for b ∈ RN and A ∈ RN×N . Then the

optimal deterministic integration direction is the solution to

arg max
{v}

(b′v)2 +
1
2
(v′Av)2 (42)

with ‖v‖2 = 1.

The proof of Proposition 5.1 is in the Appendix. There we also include an example of the

steps to follow to implement a numerical solution of (42) for the Hull-White model (5). In our

numerical experiments we found that including second order terms does not lead to significant

variance reduction and that it has a cost in terms of overhead for the algorithm. For this reason

we advocate adopting the linear approximation and to condition on v′W with v = ∇w‖V ‖1
evaluated at {Z = 0,W = 0}. This is the prescription we follow in the remainder of the paper.

6 Implementation

We discuss in this section some implementation aspects for the proposed algorithm. The density

of ‖H‖22, required for deterministic integration, and a mechanism to sample Z conditional on

‖H‖22 depend on the specific choice of function h in (3). In our numerical tests we take π1 = ‖Z‖22,

distributed as a χ2 random variable, as conditioning variable. This coincides exactly with ‖H‖22
for models with conditionally Gaussian returns (Heston 1993) and (Hull and White 1987). In

models with non-Gaussian H, conditioning on ‖Z‖22 is likely to be less effective in reducing

variance but still exact as sampling mechanism. The method we propose is implemented as

follows

• Compute v = ∇w‖V ‖1 evaluated at {Z = 0,W = 0}. An example of this computation is

shown explicitly in the Electronic Companion
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• Integrate deterministically over a two dimensional cartesian grid spanned by the value of

‖Z‖22 with χ2 distribution of degree N and over the value of Wopt, a standard normal

random variable. In our experiments we take 40 equally spaced steps over the normal

random variable over a 4 standard deviation range and 30 steps over the χ2 random

variables. These parameters are the same for all experiments and models.

• Interpret each pair of values of ‖Z‖22 and Wopt as the square of the norm of the Gaussian

vector Z and an independent Gaussian shock along the optimal direction v.

• Generate n samples of the vector Z, conditional on its norm, writing Z = ‖Z‖2 ξ
‖ξ‖2 , where

ξ ∼ N(0, I). The number of paths, n, is proportional to the product of the χ2 and Normal

densities for the current values of ‖Z‖22 and Wopt.

• Generate n samples of W , conditional on the value of the shock along the stratification

direction, using the fact that if ξ ∼ N(0,Σ) in Rd with Y = v′ξ stratified for some v ∈ Rd,

then (ξ|Y = y) ∼ N(Σvy,Σ− Σvv′Σ). Consequently, sample W as

W = vWopt + (I − vv′)Λ,

where Λ ∼ N(0, I) and ‖v‖ = 1.

• The average derivative payoff, dependent on realized variance, is computed over the n

paths of {W,Z} for each integration cell, and averaged over the domain of integration

weighted by the cell probability.

The only source of bias in the method is the discretization of the deterministic integrals.

There is no other approximation involved. The final estimator has statistical error due to the

conditional random sampling component of the algorithm.

7 Numerical results

7.1 Hull-Wite model

In this section we call our method conditional Monte Carlo and compare it to standard Monte

Carlo. The standard and conditional Monte Carlo algorithms are implemented in MATLAB.
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Parameters Function Simple MC Std. Err. Cond. MC Std. Err.
N=10, σ = 0.001 E[RV ] 15.87 0.01 15.87 < 0.001
N=10, σ = 0.001 Var[RV ] 50.21 0.13 50.39 < 0.001

N=10, σ = 1 E[RV ] 15.86 0.01 15.87 0.01
N=10, σ = 1 Var[RV ] 54.08 0.14 54.18 0.13

N=50, σ = 0.001 E[RV ] 79.34 0.02 79.36 < 0.001
N=50, σ = 0.001 Var[RV ] 251.52 0.52 251.85 < 0.001

N=50, σ = 1 E[RV ] 79.36 0.03 79.36 0.01
N=50, σ = 1 Var[RV ] 701.17 1.42 701.9 1.26

Table 1: Moment estimation under the Hull-White model

Tests are performed on a desktop PC running Windows XP Professional with an Intel Core 2 Duo

CPU with 2.80 GHz and 1.87 GB of RAM. We first report results for an Euler discretization

of the logarithm of S and V in the (Hull and White 1987) model (5). With this choice of

variables the Euler rule for V̂ has no bias. A systematic difference could arise between standard

Monte Carlo and conditional Monte Carlo from the discretization of the deterministic numerical

integral. We first verify absence of bias in Table 1. These are long computations designed to

obtain estimators with standard errors smaller than the economically relevant degree of precision

(about 1 in 500 for contingent claims). All results assume V0 = 0.04

We report in Table 1 the mean and standard error of standard Monte Carlo and conditional

Monte Carlo estimators in a variety of experiments. We present two sets of results for N = 10:

moments for almost zero volatility of variance (σ = 0.001) and economically large volatility of

variance (σ = 1), which corresponds to a %100 annual volatility of variance. This is a very high

stochastic volatility regime. The first moment is virtually identical in both cases: a higher σ

widens the distribution of realized variance but does not change its expected value. Notably,

from σ = 0.001 to σ = 1, the second moment only increases from 50.21 to 54.21. This is due

to the fact that, for relatively small N , most of the variance of variance comes from the finite

number of shocks in the construction of realized variance, and because in only ten days the

variance process does not depart much from its initial value V0. Therefore RV is essentially a

sum of equally weighted random Gaussian shocks, and the variance of RV is largely that already

present in the case of σ = 0.001. This suggests that deterministic integration on ‖Z‖22 will be
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helpful in reducing variance for small N .

For N = 50 the opposite situation happens. Table 1 shows that the second moment of RV

is 251.52 for σ = 0.001 and 701.17 for σ = 1. A larger number of days increases the relative

importance of large σ because V has more time to diffuse away from V0 and also because, as N

increases, the variance of a χ2
N random variable decreases relative to its mean. This suggests

that deterministic integration on the path average of V will be helpful in reducing variance for

larger N .

All experiments in Table 1 show that the estimators of first and second moments by standard

Monte Carlo are close to those obtained by our method. There is no discernible bias.

The next set of results, in Table 2, show the variance reduction achieved by conditional

Monte Carlo over simple Monte Carlo in terms of the square of the ratio of standard errors. A

theoretical result (22) guarantees that, for same number of paths and proportional allocation, the

variance of conditional Monte Carlo can not be larger than the variance of standard Monte Carlo.

However, this result is silent about the additional computational cost required by conditional

Monte Carlo. A fair comparison, in practical terms, is achieved by running both methods for

the same computational budget. We choose one second, as it is representative of the needs in

an actual financial industry setting. We price ATM calls on variance, with strike at E[RV] and

OTM calls on variance, with strike at one standard deviation above the ATM strike. In all cases

we take σ = 1, which corresponds to a high volatility of volatility regime. Experiments with

low σ are not a fair test, as they are too close to the computation that the conditional Monte

Carlo method performs with zero variance.

We see in Table 2 that the variance reduction is significant for low values of the correlation

parameter ρ, and that even for a fixed computational budget the variances in our method are

smaller than those from standard Monte Carlo.

7.2 Heston model

Experiments not shown in the paper indicate that there is no economically meaningful difference

in the computation of moments of the discretized (Heston 1993) model under standard and
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Parameters Payoff Simple MC Std. Err. Cond. MC Std. Err. Var. Red.
N=10, ρ = 0 ATM Call 2.83 0.04 2.85 0.005 64.0
N=10, ρ = 0 OTM Call 0.885 0.026 0.855 0.004 42.3

N=10, ρ = 0.25 ATM Call 2.88 0.04 2.87 0.06 44.4
N=10, ρ = 0.75 ATM Call 2.83 0.04 2.87 0.015 7.1
N=50, ρ = 0 ATM Call 9.92 0.28 10.2 0.05 31.4
N=50, ρ = 0 OTM Call 2.96 0.16 3.03 0.06 7.1

N=50, ρ = 0.25 ATM Call 10.31 0.27 10.19 0.11 6.0
N=50, ρ = 0.75 ATM Call 10.12 0.28 10.11 0.26 1.2

Table 2: Variance option pricing under Hull-White model

Parameters Payoff Simple MC Std. Err. Cond. MC Std. Err. Var. Red.
κ = 10, σ = 0.2 E[RV ] 42.57 0.15 42.85 0.02 56.25
κ = 10, σ = 0.2 Var[RV ] 208.18 3.84 208.77 0.83 21.40
κ = 10, σ = 0.2 ATM Call 5.7 0.11 5.68 0.02 30.25
κ = 10, σ = 0.2 OTM Call 1.69 0.06 1.57 0.01 36.00

κ = 20, σ = 0.001 E[RV ] 39.71 0.14 39.84 0.02 49.00
κ = 20, σ = 0.001 Var[RV ] 158.87 2.81 159.53 0.58 23.47
κ = 20, σ = 0.001 ATM Call 4.97 0.09 5.00 0.011 66.94
κ = 20, σ = 0.001 OTM Call 1.33 0.048 1.35 0.009 28.44

Table 3: Variance option pricing under the Heston model

conditional Monte Carlo. The results in Table 3 show the variance reduction achieved for

computational budgets of 1 second, and N = 20 days. The initial variance is V0 = 0.06,

significantly above the mean variance θ = 0.04. We take ρ = 0 and consider two cases: one

with high volatility of variance, roughly equal to 100% per year, and mild mean reversion, and

other with almost zero volatility of variance and higher mean reversion rate. In the first case

the variability of V is due to its stochasticity, and in the second case the path of V is very close

to deterministic but trending, therefore far from constant.

Results in Table 3 show significant variance reduction by conditional Monte Carlo relative to

naive Monte Carlo for all the experiments considered.

7.3 Hull-White with double exponential increments

Experiments not shown in the paper indicate that there is no bias in the computation of moments

of the discretized (Hull and White 1987) model with conditional Laplace shocks in the underlying

asset (10). The results in Table 4 show the variance reduction achieved for computational
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Parameters Payoff Simple MC Std. Err. Cond. MC Std. Err. Var. Red.
N=20, η = 1 ATM Put 6.37 0.08 6.30 0.03 7.1
N=20, η = 1 OTM Put 1.82 0.04 1.84 0.014 8.2
N=20, η = 1 OTM Call 2.76 0.11 2.64 0.065 2.9

N=50, η = 0.5 ATM Put 12.68 0.25 12.82 0.102 6.0
N=50, η = 0.5 OTM Put 4.03 0.13 3.97 0.052 6.3
N=50, η = 0.5 OTM Call 4.33 0.25 4.43 0.15 2.8

Table 4: Variance option pricing under Hull-White model with Double Exponential returns

budgets of 1 second, and N = 20 days and N = 50 days. The initial variance is V0 = 0.04. The

results show that the variance reduction in this case is smaller than that achieved in the model

with pure Gaussian increments. This is due to the fact that we are integrating on the norm of

the Gaussian shocks, which is not the norm of the actual increments due to the transformation

of Gaussian shocks into Laplace increments.

Lemma 5.1 shows that the variance of realized variance is higher in models with large kurtosis.

Therefore, realized variance in this model is noisier than in the Gaussian driven (Hull and White

1987) model. This is the influence of heavy tails, which translate into rare but very important

large shocks, which have a large impact in realized variance. Because realized variance is a

nonnegative random variable the effect of heavy tails in the underlying has a larger effect for

OTM calls than for OTM puts. The table below shows that the variance reduction is less

effective in high strike calls than in low strike puts.

8 Conclusions and Future Research

We have developed an efficient numerical algorithm for the computation of the expectation of

an arbitrary function of discretely realized variance. We have assumed discrete time dynam-

ics driven by Gaussian shocks with autonomous stochastic volatility. The algorithm combines

deterministic integration over a two dimensional manifold that approximately spans the norm

of the shocks to the underlying asset and the path average of the modulating variance process.

Conditional on these variables, or their approximations, exact discrete realized variance is ran-

domly sampled. The combination of deterministic integration and random sampling leads to

efficiency gains in terms of variance reduction. We show examples of the effectiveness of our
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method through the pricing of options on realized variance. The method is exact, except for

economically insignificant discretization bias in the deterministic integration. Efficiency gains

are particularly significant for models with conditionally Gaussian returns and low correlation

between the underlying asset price and the variance process.

A main theme in this paper is the tension between the variance reduction that is achieved by

partial deterministic integration with the increase in computational cost that such integration

demands. It might be advantageous to consider alternative choices of variables. For example,

Theorem 5.1 indicates that ‖Z‖22 and the path average of V reduce conditional variance because

the variability of their product captures a significant portion of the variability of R̂V . This

suggests a conditional Monte Carlo based on a single conditioning variable distributed as the

product of a chi-square random variable and an independent Gaussian random variable, to be

interpreted as the product of ‖Z‖22 and a shock along the optimal stratification direction for the

path average of V . Preliminary work on this type of random variable shows that its density can

be computed through an application of the Mellin transform and a series expansion. Its proper

implementation, as well as a mechanism for conditional sampling of Z and W are topics for

other paper. In order to optimize variance reduction for models with non-Gaussian increments,

it would be interesting to explore non-Gaussian vector random variables that have an analytical

distribution for the norm of the vector and easily implementable conditional sampling of its

components. Spherically contoured distributions, discussed in (Glasserman 2004) are a natural

starting point.
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9 Appendix: Proof of Proposition 5.1.

Let f(w) = b′w + 1
2 (w′Aw), for b ∈ RN and A ∈ RN×N . Then the optimal deterministic

integration direction is the solution to

arg max
{v}

(b′v)2 +
1
2
(v′Av)2 (43)

with ‖v‖2 = 1.

Proof of Proposition 5.1.

The aim is to find v ∈ RN , ‖v‖2 = 1, that maximizes Var[E(f(W )|v′W )]. The variance in

(40) is
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Var[E[b′W |v′W ]] + Var[
1
2
E[W ′AW |v′W ]] + 2Covar[E[b′W |v′W ],

1
2
E[W ′AW |v′W ]].

The first term in the previous expression can be computed as follows: decompose W as a sum

in the directions determined by v and v⊥ ∈ 〈v〉⊥ (with ‖v⊥‖2 = 1),

W = (v′W )v + ((v⊥)′W )v⊥,

multiply by b and take expectation conditional on v′W ,

E[b′W |v′W ] = (v′W )b′v + b′v⊥E[(v⊥)′W ] = (v′W )b′v,

where the last equality holds because v′W and (v⊥)′W are independent standard normals.

Finally, take variance to get

Var[E[b′W |v′W ]] = (b′v)2Var[v′W ] = (b′v)2‖v‖2 = (b′v)2.

For the remaining terms, note that

E[W ′AW |v′W ] = (v′W )2v′Av + (v⊥)′Av⊥,

using again that v′W and (v⊥)′W are independent standard normals. Therefore,

Var[
1
2
E[W ′AW |v′W ]] =

1
2
(v′Av)2,

and

Covar[E[b′W |v′W ],
1
2
E[W ′AW |v′W ]] =

1
2
(b′v)E[(v′W )E[W ′AW |v′W ]] = (b′v)(v′Av)E[(v′W )3] = 0.

In summary, the solution to (41) is equivalent to

arg max
{v}

(b′v)2 +
1
2
(v′Av)2

under ‖v‖2 = 1. ¤
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10 Appendix: Computation of optimal integration direc-
tion for the Hull-White (5) model

We solve (43) through the Lagrange’s multiplier method. For symmetric A, the derivative with

respect to vi of the function to maximize is

bi(b′v) + 2(v′Av)((ADv)i + (ASv)i),

where AD +AS +A′S = A, AD being the diagonal matrix of the diagonal elements of A. Hence,

the multiplier equations read

bi(b′v) + (2(AD − λI)v)i + (v′Av)(ASv)i = 0 (i = 1, 2, ..., N). (44)

Consider the Hull-White model (5) with ρ = 0 (the case of ρ 6= 0 follows exactly along the

same lines). The Euler discretization of the logarithm of V leads to

‖V ‖1 = V0∗(1+e(µ− 1
2 σ2)∆+σ

√
∆W1+e2(µ− 1

2 σ2)∆+(σ
√

∆t)(W1+W2)+...+e(N−1)(µ− 1
2 σ2)∆+σ

√
∆(W1+...+WN−1),

which leads to

∂wi‖V ‖1 = (σ
√

∆)
N−1∑

k=i

ek(µ− 1
2 σ2)∆+(σ

√
∆)(W1+...+Wk),

∇i‖V ‖1(W = 0) = (σ
√

∆)
(

e(µ− 1
2 σ2)∆N − 1

e(µ− 1
2 σ2)∆ − 1

−ei(µ− 1
2 σ2)∆ − 1

e(µ− 1
2 σ2)∆ − 1

)
= (σ

√
∆)

(
e(µ− 1

2 σ2)∆N − e(µ− 1
2 σ2)∆i

e(µ− 1
2 σ2)∆ − 1

)
.

A similar computation shows that,

∂wiwj‖V ‖1 = b2
N−1∑

k=max(i,j)

e(µ− 1
2 σ2)∆k+(σ

√
∆)(W1+...+Wk),

therefore the {i, j} entry of the Hessian of f at W = 0 becomes

(σ2∆)
(

e(µ− 1
2 σ2)∆N − e(µ− 1

2 σ2)∆ max(i,j)

e(µ− 1
2 σ2)∆ − 1

)
.

Numeric implementation becomes necessary at this stage to solve (44).
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